Abstract: This paper first studies the theoretical properties of the tail quotient correlation coefficient (TQCC) which was proposed to measure tail dependence between two random variables. By introducing random thresholds in TQCC, an approximation theory between conditional tail probabilities is established. The new random threshold-driven TQCC can be used to test the null hypothesis of tail independence under which TQCC test statistics are shown to follow a Chi-squared distribution under two general scenarios. The TQCC is shown to be consistent under the alternative hypothesis of tail dependence with a general approximation of max-stable distribution. Second, we apply TQCC to investigate tail dependencies of a large scale problem of daily precipitation in the continental US. Our results, from the perspective of tail dependence, reveal nonstationarity, spatial clusters, and tail dependence from the precipitations across the continental US.
Introduction
Extreme climatic conditions are more often observed in recent years. A natural question is: What is the likelihood of severe weather conditions in your area given that severe weather conditions have been observed/forcasted in some regions, or in the continent on a large scale? Answers to this question can be sought from historical extreme climatic records. Efforts have been made to understand and model extreme weather conditions. In a recent CCSP SAP 3.3 report, Easterling et al. (2008) listed twelve measures to improve our understanding of weather and climate extremes. In our view, two fundamental issues are: how to identify tail dependence between climatic variables, and how to develop statistical models dealing with tail dependence. The focus of this paper is on the first issue.
To address the basic question, we explore the notion of tail dependence, also known as extremal dependence or asymptotic dependence, between the components of a twodimensional random vector, which refers to the concurrence of extreme values in the component variables. Computations of TQCC need not jointly model paired random variables, only marginally fitted distributions to exceedances are needed. This is particularly appealing and is comparable to computations of Pearson's correlation coefficients. In practice,
Pearson's correlation coefficients are widely used to measure linear relationships among random variables as long as paired random variables are tested to be correlated. TQCC, as a sample-based alternative to Pearson's correlation coefficients, can also be used as a measure of tail dependence as long as paired random variables are tested to be tail dependent.
There is a fast-growing body of literature on modeling climate extremes in recent years. Data modeling and inference can be found in Smith (2003) , Naveau et al. (2005) , Falk and Michel (2006) , Kunkel et al. (2007) , Benisten et al. (2007) , Cooley et al. (2007) , Bel et al. (2007) , Elek and Márkus (2007) , Yiou et al. (2008) , Zhang (2008a) , Smith and Stephenson (2009), Naveau et al. (2011) , and Gilleland et al. (2013) , among others.
Several papers, such as Peng (1999) , Draisma et al. (2004) and Ferreira and de Haan (2004) focused on rare events modeling, particularly of Dutch coastal wind and water level extremes.
The rest of the paper is structured as follows. Section 2 introduces a generalized sample-based tail dependence measure, TQCC, which allows the threshold values to be random. Proposition 1 shows that the tail dependence index of the original pair of ran- NCDC rain gauge data. Section 5 concludes with a brief discussion. Section S1 evaluates the performance of TQCC for testing tail independence in simulation studies. Technical details are postponed to Section S2 Appendix (in a supplementary file together with Section S1, available online).
Theory of TQCC with random thresholds

Hypothesis for tail independence
For the sake of discussion, the existence of λ in (1.1) is assumed. Intuitively, tail dependence indices can be estimated using empirical probabilities above certain large threshold u in (1.1), but this may give misleading results since, in general, the estimated values of λ may well exceed zero even if λ = 0. A natural question then arises as to whether or not two random variables are tail dependent. This issue can be formulated which can also be written as
One major goal of this paper is to test (2.2). In Section 2.2, we use TQCC, a generalized measure of tail dependence, to characterize λ and to construct test statistics.
TQCC and its properties
From (1.1), the estimation of the tail dependence index λ mainly relies on choice of thresholds u and the dependence mechanism between upper tails of two random variables X and Y . This suggests that one can ignore values of X and Y below u and construct sample-based measures of tail dependence or test statistics for testing the null hypothesis by using exceedances above u only. We use two examples to explore this idea. Let
be a sequence of independent unit Fréchet random variables. Example 1 presents tail independent random variables (X i , Y i ) with upper tails equivalent to the upper tail of a unit Fréchet distribution.
be a sample of independent random pairs, where L ni is dependent of Q ni and both are supported on (0, u n ] for a 
. . , n, where I(·) denotes the indicator function. It follows
is a random sample of tail independent random variables.
In fact, for an arbitrary dependence structure between L ni and Q ni , the constructed X i and Y i are tail independent.
The sequence of thresholds u n in Example 1 is deterministic. In Sections 2.4 and 2.5, we allow u n to be in a class of random variables that diverge to infinity in probability. It can be seen that with such u n , max(X i , u n ) and max(Y i , u n ) are no longer independent, but continue to be tail independent. More generally, we propose a sample-based measure of tail dependence.
is a random sample of unit Fréchet random variables (X, Y ),
is the tail quotient correlation coefficient (TQCC).
If u n ≡ u (a constant), the TQCC reduces to the one in Zhang (2008b). In the current paper, u n is allowed to be random.
Remark 1.
It is not necessary to require the marginal distribution to be unit Fréchet.
Any positive scales (as long as X i and Y i have a tail equivalent scale) can be used at To study the property of q u n , take ζ
We see that P (ζ 
(2.5) Figure 1 plots the function f . The case of x + y = 2 is trivial, since it implies that x and y are equal when they both are greater than or equal to 1. It is easy to see
, when x 1 ≥ x 2 and y 1 ≥ y 2 . The properties of 
is a sample of independent random pairs from a bivariate standard normal random variable 6) where Φ(·) denotes the standard normal distribution function.
and b ∈ (0, 1),
all have the unit Fréchet distribution. Figure 2 displays the scatterplot of simulated tail
with different values of the correlation coefficient ρ when a = .25 and b = .25, where Φ −1 (p) = inf{x : Φ(x) ≥ p}.
It shows that when studying tail dependence, observations below thresholds u n can be discarded, whereas values of q u n evaluated from different models (different ρ values) are identical for large values of u n .
Limit of q u n for random variables in the broader M4 model
The sequence (X * i , Y * i ) in Example 2 is a special case of a multivariate maxima of moving maxima process (called M4 processes) that have been studied in Smith and Weissman (1996) and Zhang and Smith (2004) . Theorem 2 of Deheuvels (1983) These results suggest that as long as two random variables X and Y (not necessarily unit Fréchet) are tail dependent, the M4 model can be used to approximate tail values of X and Y , after being marginally transformed to unit Fréchet scales, then one can use the approximate model to conduct statistical inference, and q u n can be used as a sample-based measure of tail dependence.
Approximation theory of conditional tail probabilities
Here u n is allowed to be random. We first show in Proposition 1 that the tail dependence index λ X,Y of X and Y , where (X, Y ) ∈ U in Definition 1, is equal to the tail dependence index λ * X,Y of max(X, u n ) and max(Y, u n ) using a random threshold, 
, for x > 0 and t > 1, and T n,t is independent of (X, Y ), then
Suppose X and Y are tail independent with
If X ′ and Y ′ are independent unit Fréchet random variables, and T n,t is independent of
(ii) for any t > 1,
procedure based on (X, Y ) concludes that X and Y are tail independent, one can also 
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conclude that max(X, T n,t ) and max(Y, T n,t ) with t > 1 are tail independent, and vice versa.
Equation (2.9) can be expressed as
(2.11)
Remark 2. For any function g(u) (not necessarily defined by (2.8)) such that g(u) → ∞
as u → ∞, (2.9) and (2.11) do not hold when X and Y are tail dependent. In such case, the left hand of (2.11) is greater than zero, while the right hand side is zero. When X and Y are tail independent, the g(u) (defined by (2.8)) or the 1/g(u) function need not
is a slowly varying function, as defined in Ledford and Tawn (1997) .
Equations (2.9)-(2.11) show that the conditional tail probabilities between tail independent random variables can be approximated by the conditional tail probability of a pair of random variables (
Bearing this in mind, under H 0 the tail independence of (X, Y ) over a common random threshold T n,t is equivalent to the tail independence of (max(h
for all t > 1. Thus, we study the hypotheses (which is connected to (2.2)), If a test statistic calculated from a bivariate sample of (max(X, T n,t ), max(Y, T n,t ))
does not reject the null hypothesis of data being drawn from (max( with a chosen t value and a connecting function g(u) → ∞ as u → ∞, within a prespecified Type I error rate, one can first conclude that (2.9) is true, then conclude that X and Y are tail independent. In Section 2.5, we see that the choices of t and g(u) are not essential.
Limit distribution of TQCC with random thresholds
We derive the limiting distribution of TQCC, q un , in cases of two random thresholds
, a n → ∞ and a n /n → 0 as n → ∞ in Theorem 2.
Assumption T1: For 1 < t < 1 + δ, δ > 0, paired tail independent random variables
Remark 3. Assumption T1 is natural since the tail independence of (
. . , n, will hug T n,t in each axis direction when the threshold value T n,t is sufficiently large.
T1 does not hold when η = 1.
Remark 4. Setting u n = T n,t , Example 1 satisfies T1. 
for z 1 > 0 and z 2 > 0,
(ii) Further, variables and u n = u * n a n satisfies u * n P → u * , a n → ∞, and a n /n → 0 as n → ∞, where 
When applying (2.9)-(2.14) to data, one might think it obligatory to determine a joint tail region, choose a t > 1 value, and simulate a threshold T n,t before applying (2.14). However, the process is much simplified due to the following. The inclusion of T n,t in the q un definition naturally projects all joint observations into a tail region. As a result, the thresholds u and g(u) in both sides of (2.9) are not essential as long as a simulated T n,t value in the q T n,t computation is large enough. Then too, the limiting distribution in (2.14) does not depend on the power transformation index t. Suppose that u 1 (t 1 ) ∼ T n,t1 for a pre-specified t 1 . For any s 1 > 0, it follows that u 1/s1 1
One can use either the simulated value of u 1 (t 1 ) or u 1/s1 1 (t 1 ) as a threshold in TQCC. For any given t 1 and a simulated value of u 1 (t 1 ) and any pre-specified threshold value u n that does not depend on t, one can solve u 1/s1 1 (t 1 ) = u n for s 1 , and use u n to substitute for T n,t . This is important for applications as one does not need to deal with the simulated threshold T n,t . For a given sample size n, we can set u n as the minimum of the sample 100pth percentile of {X i } and the sample 100pth percentile of {Y i }. Here p can be (2008b) , and the resulting testing procedure had high empirical power under H 1 of (2.2). Employing exceedances over a threshold is a common practice in extreme value theory and statistical inference, see Coles (2001) . Theorem 2 supports these empirical arguments.
Applying Theorems 1 and 2, Corollaries 1 and 2 and the arguments above, we propose a testing procedure.
(1) For a given level α, if 2n{1 To derive the asymptotic power of the test statistics, we apply the distribution approximation discussed in Section 2.3. We use a condition to explore the discriminating power of the test.
Condition A1:
Let {ξ i,j : i ≥ 1, −∞ < j < ∞} be mutually independent unit Fréchet 15) where
Then there exist 0 < c
Based on Deheuvels (1983) and Smith and Weissman (1996) , (2.15) can arbitrarily closely approximate (in distribution) jointly max-stable unit Fréchet random variables.
Zhang ( 
Theorem 3. Suppose that {X
Theorem 1, and u n = u * n a n with u * n P → u * ∈ (0, ∞), a n → ∞ and a n /n → 0 in Theorem
→ ∞, and the test is consistent.
Proposition 3. Suppose α 1 + α 2 = 1 and
The convergence rate of q 0 , using {u n = 0}, is 1/ √ n when X and Y follow a joint bivariate Fréchet distribution (see Wang (2012) ). As a side note, a result gives the limiting distribution of q un for normally distributed random variables without marginally transforming them to unit Fréchet variables. 
Limiting distribution of TQCC with estimated parameters in GEV
In obtaining unit Fréchet scales via marginal distribution transformations, the results in Section 2.5 are valid using the true marginal distributions. However, in practice true marginal distributions are unknown. In extreme value analysis, the generalized extreme value (GEV) distribution or the generalized Pareto distribution (GPD) is often first fitted to observed data, and then data are transformed to unit Fréchet scales, see Pickands (1975) , Embrechts et al. (1997) , and Smith (2003) If
then under the conditions in Theorems 1 and 2, 2n{1
For applications, Theorem 4 lends support to applying TQCC to transformed data in which those observed values larger than the chosen threshold value are transformed using the inverse of fitted GEV distribution functions, while observed values smaller than the threshold value are transformed based on rank transformation. As TQCC also uses a threshold, one can see that observations smaller than the threshold do not affect the inference using TQCC.
A broader Lemma 2 is needed to prove Theorem 4; it is a powerful tool for proving uniform convergence of transformed random sequences and could be applicable to other circumstances.
Data application
The data are daily precipitation totals covering the period 1950-1999 over 5873 stations in the continental USA (excluding Alaska and Hawaii). The data units are tenths of a millimeter. The data were obtained from Dr. Pavel Groisman of the National Climatic Data Center (NCDC), the same as used by Smith, Grady, and Hegerl (2007) and Shamseldin et al. (2008) . References include Smith et al. (2007) , Karl and Knight (1998) , Groisman et al. (1999), and Hegerl et al. (2006) , among others. Our main focus is on illustrating how variables are tail dependent on each other.
We fit GEV to each of 5873 series, performed marginal transformations, conducted TQCC-based tail independence tests, and report the tail dependence measure (TQCC)
after controlling the false discover rate (FDR) at level 0.05 using a nonparametric BH multiple testing procedure, referring to Benjamini and Hochberg (1995) and Benjamini and Yekutieli (2001) .
GEV fitting and extreme precipitation comparison
Regarding fitting GEV to data, Smith (1989) showed how a process of exceedances over a high threshold can be modeled in terms of the limiting GEV distribution function of form (3.1). This procedure was used to fit the data above a certain threshold. In each fitting, approximately 10% of observations were above the chosen threshold value. For the purpose of illustration, in Table 1 suggest that all shape parameters are significantly different from zero. We note that only two stations have the estimated ξ values less than -1 which may be a problem for asymptotic inference using a limiting normal distribution. A two-step estimation procedure may be helpful and lead to relevant asymptotics. In this study, we kept these two stations as they won't affect the main findings given that we are calculating thousands of TQCC test statistics.
In Figure 3 , the right panel plots ξ to a US color map using the inverse distance These results suggest that precipitations are spatially nonstationary, clustered, and asymmetric over all stations. From the left panel of Figure 3 , one can also see that the number of stations having positive values of ξ is more than the number of those having negative values. We note that similar findings regarding precipitation data have been reported in the literature, and our viewing angle is an extreme value perspective.
Spatial tail dependence in precipitations across the continental US
We assumed marginal transformations being performed, and used observations running from January 1, 1970 to December 31, 1999 to avoid unequal sequence lengths at Table 2 reports 10 largest values of TQCC on the same day (as in Figure 5 ) and names of the corresponding paired stations. The paired stations are close to each other: the differences of latitudes are less than 0.2 degrees, and the same is true for longitudes.
The TQCC in the second column of the table indicates that the probability of one location having large precipitation, conditional on another location concurring, is at least as high as 20%.
Illustrations of several individual stations
In this section, we choose two stations, Kellogg, Idaho and Wilmington, North Carolina, to illustrate the patterns of tail dependence. The former is also displayed in Table 1 with the largest ξ, while the latter is located in one of the regions suffering from severe flooding in the last fifteen years. ( ξ, ψ, µ) in fitting the GEV distribution.
For each of the two chosen stations in Table 3, Table 4 illustrates the station name achieving the largest value of TQCC with that station. The tail dependence magnitudes (in the second column of Table 4 ) are significantly smaller than those presented in Table   2 , but they are statistically significant. In an extreme value context, a tail dependence index as small as 2% may be already practically significant and an effective test statistic should be able to detect such a small tail dependence index given the relatively large sample size in our precipitation data. As an illustration, let us consider Pair ID (II) which has 2416 concurrent days of precipitations and 4377 precipitation days at either station, respectively. There are occasions that the two stations have strong precipitation concurrently, flooding does occur in one place given that another place has a strong precipitation, even though the probability is low generally. Here a strong precipitation should be understood on a relative scale from station to station. These empirical findings from historical records indicate that weather forecasting models need to describe such tail dependence more accurately in extreme weather conditions. Our results, from the perspective of tail dependence, reveal nonstationarity, asymmetry, spatial clusters, and tail dependence in the data. Although various studies have documented that there are tail dependencies in precipitation data, the results obtained could be very useful in enhancing our understanding of weather extremes and in guiding new climate model development. Our TQCC-based analysis is for regionally paired stations only. A seasonal-based analysis can be done for temperature dependence patterns, snowfall dependence patterns, and smog spread patterns. We intend to study these applications.
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The TQCC uses the largest values of two sequences of quotients. It is possible to extend the definition of TQCC using either the first k largest quotients (e.g. the geometric mean or other forms), or the 100pth percentiles of the two quotient sequences.
Such newly extended definitions are useful in measuring nonlinear dependence between observations. Detailed investigation of this topic will be given in a future study.
A final note is that the asymptotics of TQCC, under the alternative hypothesis of tail dependent, depends on the distributions of X i /Y i and Y i /X i , precluding any unified form of limit distributions. A project here is to provide a dictionary of limit distributions of TQCCs under different joint dependencies. In practice, a bootstrap approach can be applied to construct a bootstrap confidence interval.
Supplementary Materials
Supplementary materials include simulation examples and all technical derivations.
These materials are presented in Sections S1 and S2 respectively, and are available online.
